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Abstract. Adiabatic pumping is a fundamental concept in the time-dependent
transport of mesoscopic devices. To maximize pumping performance, i.e., the amount
of pumping per unit time, it is necessary to carefully manage the driving speed, which
should be sufficiently less than the limited speed, an upper bound of the driving speed
below which non-adiabatic effects are negligible. In general, the amount of pumping
increases as the contour of the driving parameter lengthens, however a long contour
diminishes the pumping power because it requires more time per cycle under the limited
speed constraint. We consider this trade-off carefully and show that there should exist
an optimized period and contour to maximize the power of adiabatic pumping. We
confirm this conclusion based on the results of charge pumping using a single-level
quantum dot.
1. Introduction
Adiabatic pumping, a transport phenomenon induced by quasi-static periodic parameter
driving, has attracted significant interest since it was first proposed by Thouless [1].
In the field of mesoscopic physics, electron turnstile and pumping were studied both
theoretically and experimentally by a number of researchers [2, 3, 4, 5, 6]. For
electronic transport via non-interacting quantum systems, the charge transference via
adiabatic pumping is written in terms of the Berry curvature defined from the scattering
matrices, which is known as Brouwer’s formula [7]. This geometrical framework has been
generalized to adiabatic charge pumping in various electron systems [8, 9, 10, 11, 12,
13, 14, 15]. Recent developments in experimental techniques have also encouraged the
study of adiabatic heat pumping via nanoscale devices [16, 17, 18, 19].
Adiabatic pumping has also been studied as a basic concept of quasi-static
operations in non-equilibrium steady state thermodynamics [20]. Steady state entropy
production induced by quasi-static operations has been formulated geometrically for
general systems [21, 22], and a non-equilibrium steady state entropy has been proposed
for quantum dot [23] and harmonic oscillator systems [24]. The performance of quantum
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engines utilizing nanoscale devices has also been studied in phonon [25] and double
quantum dot systems [17]. The analysis of quantum engine performance has been
recently extended to the non-adiabatic and non-equilibrium regions. Notably, the trade-
off relation between power and efficiency of engines has gained particular interest [26, 27].
Adiabatic pumping can be used in a number of applications, including electron
and heat pumping, refrigeration, etc. One important performance indicator of pumping
devices is a power, i.e., a transfer rate of pumped quantities (heat or charge) per unit
time. In order to increase the power of adiabatic pumping, it is necessary to care about
three factors: (a) driving speed, (b) shape of the pumping contour in parameter space,
and (c) leakage current. We address each of these factors in turn as follows.
It is known that, at a given pumping contour within the parameter space, the
amount of charge or heat transferred per cycle is constant and independent of the
driving speed. Accordingly, the adiabatic pumping power is proportional to the driving
frequency. There is, however, an upper limit on the driving speed determined by
the adiabatic approximation condition. In other words, the parameters should be
driven quasi-statically; if they are driven too quickly, non-adiabatic corrections become
significant and the geometrical description of adiabatic pumping collapses. Therefore,
the pumping power of adiabatic pumping should be maximized under the constraint
that the driving speed must be below a limited speed, the upper bound below which
non-adiabatic corrections are negligible (for a precise discussion, see Appendix Appendix
A).
The second factor, the shape of the contour loop in the parameter space, directly
determines the pumping power via Brouwer’s formula [7], in which the amount of charge
or heat transferred per cycle is expressed by a surface integral of the Berry curvature
over the area enclosed by the contour. We note that the pumping power can be written
in terms of the Berry curvature even for interacting electron systems [10, 14, 15] (see
Appendix Appendix A). The amount of pumping per cycle increases when the contour
encloses a wide area on which the Berry curvature takes a large value. Although it
would seem that the maximum power of pumping is achieved when the area enclosed by
the contour is as large as possible, this strategy fails because the driving speed must be
below the limited speed discussed in the previous paragraph. Although the amount of
pumping per cycle increases with contour size, the period is proportional to the length
of the contour under the condition that the driving speed is set as a constant value
below the limited speed. Therefore, the pumping power can be diminished when the
contour length is too large. This discussion indicates that there is an optimal contour
and period which maximize the pumping power (see figure 1). This is the main subject
of this paper.
The third factor, the leakage current, also affects the optimal contour. Charge
(heat) pumping devices may be operated against a finite bias for chemical potentials
or temperatures. In such biased systems, the leakage charge (heat) current flows in the
direction opposite to that of pumping. The leakage current is given by a time integral
over the contour, and depends on both the cycle period and the amplitude of leakage
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Figure 1. (a) Schematic representation of the pumping power as a function of
period per cycle. (b) Examples of contours in the parameter space, where X1 and
X2 denote driving parameters, and the density map plot (green) shows the Berry
curvature as a function of (X1, X2). For short contours, the adiabatic pumping per
cycle, which is characterized by the integral of the Berry curvature over the area
enclosed by the contour, is so small that the pumping power is suppressed. Pumping
power is also reduced for long contours, because the pumping period becomes too large.
This suggests the existence of the optimized driving period with the optimized contour
at which the power is maximized.
current. Therefore, to suppress the leakage current under a fixed speed of driving as
possible, the optimal contour should be either shortened or avoid the parameter region
on which leakage current is large.
The purpose and approach of this paper are summarized as follows. We consider
optimization of the power in adiabatic pumping under the constraint that the driving
speed remains below the limited speed, which guarantees adiabaticity in system dynamics
induced by parameter driving. Increasing the contour length increases the amount of
pumping per cycle, which contradicts the goal of increasing the pumping rate, the
number of cycles per unit time. Large contours can also diminish the pumping power
because they increase the leakage current flowing against the pumping direction. Taking
these factors into account, we consider the optimization problem for general types of
pumping. We also demonstrate the existence of the optimal contour by looking at a
simple example of electron pumping using a non-interacting single-level quantum dot.
Our discussion is restricted to the trade-off relation between the amount of adiabatic
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pumping and the pumping period, which should be distinguished from the trade-off
relation discussed in reference [27].
This paper is organized as follows: In section 2, we introduce a general framework
for optimizing the pumping power. In section 3, we discuss the adiabatic charge pumping
via a single-level quantum dot system using approximate calculation. In section 4, we
summarize our results.
2. Formalism
In this section, we introduce a general framework for optimizing pumping power. For
simplicity, we consider two-parameter pumping although it is straightforward to extend
this framework into pumping by more than two parameters. Throughout this paper, we
employ the unit of h¯ = 1.
2.1. Adiabatic approximation
We consider pumping induced by two-parameter driving described by the dimensionless
parameter vector, X(t) = (X1(t), X2(t)). The parameter driving is periodic in time,
i.e., X(t + T ) = X(t), where T is the period of the pumping cycle. We employ the
adiabatic approximation [7, 10, 14, 15], in which it is assumed that the parameter
driving is sufficiently slow relative to the characteristic time scales of the system. In
this approximation, the amount of charge or heat transferred per cycle, Q, is given by
the sum of two contributions:
Q ' Qst. +Qad., (1)
Qst. =
∫ T
0
dt j[X(t)], (2)
Qad. =
∫
A
dX1dX2 Π(X), (3)
where Qst. is the total amount of a steady state leakage current per cycle, Qad. is the
contribution of adiabatic pumping, j[X(t)] is the steady state leakage current, and
Π(X) is the Berry curvature. Equation (3) is known as Brouwer’s formula [7], in which
the transferred heat or charge is described as the surface integral of Π(X) over the
two-dimensional area A enclosed by the driving contour C = {X(t) | 0 ≤ t < T }
(for a detailed derivation, see Appendix Appendix A). Whereas the steady state
leakage depends on the driving speed of X(t), the contribution of adiabatic pumping is
independent of it.
2.2. Optimization functional
To parametrize the contour, C = {X(s) | 0 ≤ s < 1}, we introduce a dimensionless
parameter s and rewrite the time integral as∫ tf
ti
dt→
∫ 1
0
ds τ(s), (4)
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where τ(s) = dt/ds is a function of s. We note that τ(s)ds denotes a dwell time on
the contour interval [s, s + ds], and depends on the speed of the parameter driving.
For simplicity, we assume, as described in the introduction, that the driving velocity
v = |dX/dt| is constant. The amount of transferred charge or heat per cycle, Q, is then
given by a functional of the contour C as
Q[C] =
∫ 1
0
ds l(s)U [X(s)] +
∫
A
dX1dX2 Π(X). (5)
where l(s) = vτ(s), and U [X(s)] is the normalized leakage current defined as
U [X(s)] = v−1j[X(s)]. (6)
To optimize the adiabatic pumping under the fixed driving period T , we introduce
the following functional based on the Lagrange multiplier,
Z[C, T ] = Q[C] + λ
[
v−1
∫ 1
0
ds l(s)− T
]
, (7)
where λ is the Lagrange multiplier. Using the optimized contour Copt that maximizes
Z[C, T ], the total pumping power P is defined as
P (T ) = Z[Copt, T ]T . (8)
Our main purpose is then to clarify whether there is a ‘best’ period Tmax for maximizing
P (T ).
3. Single-level quantum dot system
In this section, we consider the pumping performance under a specific setup—electron
pumping via a single-level quantum dot (see figure 2)—and demonstrate that there
indeed exists an optimizing period that maximizes the pumping power. As the optimal
period is obtained by a simple mechanism (see also section 1), we can expect that the
result obtained in this section also holds for general systems.
3.1. Model
The Hamiltonian, which describes charge transport via a single-level quantum dot, is
given as
H(t) = Hd(t) +Ht(t) +
∑
r=L,R
Hr, (9)
where
Hd(t) = d(t)d
†d, (10)
Ht(t) =
∑
k
[vL(t)c
†
Lkd+ vRc
†
Rkd+ h.c.], (11)
Hr =
∑
k
kc
†
rkcrk. (12)
Here d (d†) denotes the annihilation (creation) operator of an electron in the quantum
dot and crk (c
†
rk) denotes the annihilation (creation) operator of electrons in reservoir
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Figure 2. Schematic of the single-level quantum dot system. A quantum dot and two
electron reservoirs, reservoir L and R, are separated by potential barriers and coupled
to each other via electron tunneling. The energy level in the quantum dot, d(t), and
the coupling between the dot and the reservoir L, ΓL(t), are taken as time-dependent
driving parameters. The bias between reservoirs is expressed as a chemical potential
difference µ. The leakage current induced by the bias flows from the reservoir R to L,
while the charge is pumped in the opposite direction (note that the direction of the
electron transfer is opposite). The sign of the current is defined as positive for the
pumping current (the blue arrow) and negative for the leakage (the red arrow).
r = L,R with wave number k and energy k. In our model, we assume that the energy
level of the quantum dot, d(t), and one of the dot-reservoir couplings, vL(t), are time-
dependent driving parameters, whereas the other dot-reservoir coupling, vR, is taken to
be constant. We further assume that both of the reservoirs are kept at zero temperature
and have their Fermi distribution functions given as
fL() = Θ(− µ/2), fR() = Θ(+ µ/2), (13)
where Θ() is the Heaviside step function, and the average of the Fermi energies of the
two reservoirs is set to zero. In the wide-band limit, the linewidth of the energy level in
the quantum dot is given as ΓL(t) + ΓR, where
ΓL(t) = piρ|vL(t)|2, (14)
ΓR = piρ|vR|2 ≡ Γ. (15)
Here ρ is the reservoir density of states at the Fermi energy. We employ Γ as a unit of
the energy in the following calculations.
We consider charge pumping from reservoir L to R against the chemical potential
bias µ(> 0). The sign of the charge current is defined as positive when it flows from
L to R (which corresponds to electrons transferring from R to L). Under the present
setup, the pumping current is positive and the leakage current is negative (see figure 2).
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3.2. Leakage current and Berry curvature
We introduce the following dimensionless driving parameters:
X1(t) = x(t) = d(t)/Γ, (16)
X2(t) = y(t) = ΓL(t)/Γ. (17)
Under these definitions, the driving velocity v = |dX/dt| has a dimension of the energy,
and should be taken as the limited speed. The limited speed should be determined
rigorously by the adiabatic condition (equation (A.3)). However, such rigorous limited
speed is not practical and roughly estimated one is enough to show the trade-off relation.
In the following calculation, we estimate it roughly as v = 0.1Γ, assuming that Γ is a
typical energy scale of the present system.
By the Meir-Wingreen formula [28], the normalized leakage current is calculated as
U(x, y) =
e
2pi
2Γy
v
∫ ω0
−ω0
dω A(ω), (18)
where ω0 = µΓ
−1/2, e (< 0) is the elementary charge, and A(ω) is the normalized
spectral function:
A(ω) = 1
(ω − x)2 + (1 + y)2/4 . (19)
Applying the adiabatic approximation in the Keldysh Green’s function approach [10,
14, 15], the Berry curvature is calculated as
Π(x, y) = − e
2pi
[
yA2(ω0) + (1− y)
2
A2(−ω0)
− 2
∫ ω0
−ω0
dω y(ω − x)A3(ω)
]
. (20)
3.3. Optimization by an elliptical contour
From the functional Z[C, T ] given in equation (7), we can derive the differential
equations to be satisfied for the optimized contour Copt(T ) under the constraint of
a fixed T (see Appendix Appendix B). The optimized contour Copt(T ) is then obtained
by numerically solving these equations, and the pumping power P (T ) = Z[Copt, T ]/T
is obtained as a function of the period T . For the present purpose of demonstrating
the existence of the contour with the optimal pumping performance, it is sufficient to
approximate the contour as a simple shape. In this section, we restrict the contour
shape to an ellipse in the parameter space (x, y), and optimize parameters of the ellipse,
namely, the position of the center, the lengths of the semi-major and semi-miner axes,
and the angle of the semi-major axis, to maximize Z[C, T ] (see Appendix Appendix C).
Figure 3 shows the optimized elliptical contours obtained under several pumping
periods for three chemical potential biases: (a) µ/v = 0 , (b) µ/v = 0.5 , and (c)
µ/v = 1.0. The color density plots in the left and right panels show the Berry curvature
Π(x, y) and the normalized leakage current U(x, y), respectively. The optimized contours
(solid lines) are the same in the left and right panels.
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Figure 3. Optimized elliptical contours for eight periods from T = 1.5Γ−1 to
T = 54.0Γ−1. The velocity v is set to 0.1Γ and the chemical potential bias is set to
(a) µ/v = 0.0 , (b) µ/v = 0.5, and (c) µ/v = 1.0. The left and right panels show the
Berry curvature Π(x, y) and the normalized leakage current U(x, y), respectively, as a
density plot. Both functions are represented in units of |e|/2pi. For µ/v = 1.0, charge
pumping is possible for only four short-period contours, because the leakage current is
always dominant for T > 28.5Γ−1.
In the unbiased case (figure 3 (a)), the contours reflect only the profile of the
Berry curvature in the parameter space because there is no leakage current. All of the
optimized contours touch the origin because the Berry curvature has its maximum at
the origin. As the period increases, the contours gradually expand along the y-direction.
The Berry curvature is evaluated as (1 + 4x2)−2Π(0, 0) for y = 0 and (1 + y)−3Π(0, 0)
for x = 0, respectively. Since Π(x, y) decays faster in the x-direction, it is advantageous
for charge pumping to extend the contour in the y-direction as the driving period T
increases.
In the biased cases (figure 3 (b) and (c)), the leakage current becomes finite and
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Figure 4. Pumping power P for elliptical contours as a function of the period T in
units of |e|/2pi. The chemical potential bias is set to eight values from µ/v = 0.0 to
1.4. The velocity is set to v = 0.1Γ.
is given as a monotonically increasing function of y for fixed x. As a result, the
optimized contour shrinks toward the line y = 0 to avoid the loss of pumped charge
due to the leakage as possible. The degree of the shrink becomes larger as the bias
increases (figure 3 (b) and (c)). We should note that only four contours are presented in
figure 3 (c), which indicates that charge pumping is impossible for long-period contours
where the leakage dominates the charge pumping.
Figure 4 shows the pumping power P (T ) = Z[Copt, T ]/T as a function of T for
several chemical potential biases. For the unbiased case (µ = 0), the pumping power
has a maximum at the optimal value of the period, Topt. The existence of this optimal
period is explained as follows (see also section 1). The pumped charge “per cycle”
increases monotonically as the period T becomes longer because the area enclosed by
the contour, over which the Berry curvature is integrated, is enlarged. Therefore, as the
period increases, the pumping power increases for T < Topt. For longer-period pumping
(T > Topt), however, the pumping power is degraded as the denominator of the pumping
power in equation (8) becomes dominant. It should be noted that the optimal period
Topt is on the order of the inverse of the limited speed v (here, we set it as v = 0.1Γ).
As the chemical potential bias µ increases, the pumping power is suppressed, and the
optimal period Topt decreases for µ/v < 1.2. The charge pumping against the bias
becomes impossible in the whole region for µ/v = 1.4.
3.4. Optimization by a half-ellipse contour
The existence of the optimal period for charge pumping is the main result of this paper.
This result should not depend on the choice of the contour shape. To demonstrate
this, we consider a half-elliptical contour (for details, see Appendix Appendix C), and
compare the results with those obtained for an elliptical contour.
Figure 5 (a)-(c) show optimized contours for several pumping periods, with density
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Figure 5. Optimized half-elliptical contours for eight periods. The parameter setup
is the same as that in figure 3. The left and right panel show the Berry curvature and
the normalized leakage current, respectively, as a density plot in units of |e|/2pi. For
µ/v = 1.0, charge pumping is possible for only seven short-period contours, because
the leakage current is always dominant for T > 54.0Γ−1.
plots of the Berry curvature and leakage current given in the left- and right-hand panels,
respectively. The parameters are the same as those used in the elliptical contour cases,
and the overall features are similar to the results obtained in these cases. For the
unbiased case (figure 5 (a)), the contours enclose a region near the origin, in which
the Berry curvature has a maximum value. As the chemical potential bias µ increases
(figure 5 (b) and (c)), the contours shrink toward the line y = 0 to avoid the region
where the leakage current is large. The centers and inclination angle of the half-elliptical
contours changes more clearly than the elliptical contours, reflecting small changes in
the Berry curvature and leakage current.
Figure 6 shows the pumping power of the half-elliptical contours for several biases.
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Figure 6. Pumping power P for half-elliptical contours as a function of the period
T in units of |e|/2pi. The chemical potential bias is set to seven values from µ/v = 0.0
to 1.8. The velocity is set to v = 0.1Γ.
While the features remain in qualitative agreement with those obtained in the elliptical
case, the pumping power against the bias is improved and pumping is possible up to
µ/v ∼ 1.8, a larger value than in the elliptical case. The maximum value of pumping
power, Popt ' 0.041, is also slightly larger than that in the elliptical case (Popt ' 0.040).
4. Summary
In this paper, we studied the optimization of the performance of adiabatic pumping.
We formulated the optimized contour under a fixed pumping period assuming that the
velocity of the parameter driving is constant. We then derived the optimal contour
using an actual system involving charge pumping via a single-level quantum dot by
approximating contour shapes as ellipses and half-ellipses. This analysis revealed that
pumping power achieves maxima at a specific optimal driving period in the unbiased
case, and that, under small levels of chemical potential biases, it is possible to pump
charges against the bias though the leakage current opposes the charge pumping.
Because the optimal contour and period are determined by a simple mechanism, we
expect that these features derived for a specific example are applicable to general
transport systems.
The adiabatic condition for the driving velocity is roughly estimated in this paper.
It remains as a future problem to derive the detailed condition for the adiabatic pumping,
and to improve the formulation of optimization.
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Appendix A. Adiabatic approximation
In this appendix, we briefly derive equations (1)-(3) for general systems including
interacting electron systems (see Refs. [10, 14, 15] for a detailed derivation). For
simplicity, we assume that the time-dependent parameter vector X(t) is driven in the
sinusoidal manner:
Xn(t) = Xn,0 + δXn sin(ωt+ φn). (A.1)
Here Xn,0, δXn and φn are the center, amplitude, and phase of the sinusoidal parameter
driving, respectively, and ω is the pumping frequency. Although this assumption appears
to oversimplify the problem, it captures the essence of the adiabatic approximation.
Assuming that the parameter vector X(t) is driven slowly, we can consider adiabatic
expansion for the time-dependent current J(t) as
J(t) = J (0) +
∑
n
J (1)n X˙n(t) +
∑
n
J (2,1)n X¨n(t)
+
∑
n,m
J (2,2)nm X˙n(t)X˙m(t) + · · · . (A.2)
In the adiabatic approximation, the leading and the next leading term, J (0) and
J (1)n , are taken into account while the remaining terms are neglected. To justify
this approximation, the pumping frequency and amplitude must satisfy the following
condition:
J (2,1)n ω
2δXn, J
(2,2)
n ω
2δXnδXm  J (1)n′ ωδXn′ , (A.3)
for arbitrary m, n and n′. This condition implies a trade-off between the amplitude and
the frequency of pumping; the pumping frequency should be reduced if the driving
amplitude increases, and vice versa. This relation indicates that the product of
amplitude and frequency, ω δX ' X˙, has an upper bound, which we call the limited
speed. For the dimensionless parameter vector X, this limited speed is mostly taken as
much smaller than the characteristic energy scale of the system.
We next examine the leading and next leading terms in detail. The leading
contribution corresponds to the steady state contribution,
J (0)(t) = j[X(t)] = J(t)|st. . (A.4)
Here O|st. denotes the steady-state average of the observable O under a fixed parameter
vector X(t). The next leading contribution corresponds to the contribution of the
adiabatic pumping:
J (1)n = pin[X(t)] =
∂J(t)
∂X˙n(t)
∣∣∣∣∣
st.
, (A.5)
where pin[X(t)] is called the Berry connection. The amount of charge or heat transferred
per cycle is described as the sum of the steady and adiabatic part:
Q = Qst. +Qad., (A.6)
Qst. =
∫ T
0
dt J (0)(t), (A.7)
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Qad. =
∫ T
0
dt J (1)(t) =
∮
C
dX · pi, (A.8)
where T is the pumping period, which equals to 2piω−1 in this case, and C is a closed
contour in the parameter space. For the two-parameter driving X = (X1, X2), we can
rewrite the formula for Qad. using the Stokes theorem as
Qad. =
∫
A
dX1dX2 Π(X), (A.9)
where Π(X) = ∂X1pi2(X)−∂X2pi1(X) is the Berry curvature, and A is the area enclosed
by the contour C. Thus, we obtain equations (1)-(3).
As an example, we consider charge pumping via a non-interacting electron system
using the Brouwer’s formula [7]. The amount of charge pumped from the reservoir L to
R is then written in terms of the scattering matrix as
pim[X(t)] =
e
pi
∑
r=L,R
Im
[∂SLr
∂Xm
S†Lr
]
. (A.10)
Here Sr1r2 denotes a scattering matrix element from reservoir r1 to r2. Although the
scattering theory is not applicable to interacting electron systems, Keldysh Green’s
function method can be used to generalize this formula even to interacting systems,
and it gives the same form as equations (1)-(3) (for details, see Refs. [10, 15]). It is
also worth noting that it is possible to obtain the same geometrical formalism for an
incoherent transport system by using Master equation approach [17].
Appendix B. Stationary equation
In this appendix, we derive the stationary equation to optimize Z[C, T ]. Let us consider
small variation of contours, C → C + δC (see figure B1). This is described by variation
of the parameter vector, X(s) → X(s) + δX(s). Here we can describe the variation
δX(s) as a linear combination of the tangent vector t(s) and the normal vector n(s) of
contour C as
δX(s) = δt(s)t(s) + δn(s)n(s). (B.1)
We choose an orientation of n(s) such that the area A enclosed by C increase when
δn(s) is positive. The difference in Z[C, T ] induced by this variation is evaluated in
terms of three contributions as follows:
δZ[C, T ] = Z[C + δC, T ]− Z[C, T ]
'
∫ 1
0
ds
{
(U [X(s)] + λv−1)δl(s)
+ l(s)δU [X(s)] + Π(X)δA(s)
}
. (B.2)
Here δA ' δn(s)l(s) is the variation in the area, and δl(s) is the variation in the line
element,
δl(s) =
∣∣∣∣∣d(X(s) + δX(s))ds
∣∣∣∣∣−
∣∣∣∣∣dX(s)ds
∣∣∣∣∣
' δ˙t(s) + (t(s) · n˙(s))δn(s). (B.3)
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Figure B1. Schematic of contour variation. By adding a variation δX(s) within
the infinitesimal section [s, s+ds], the contour C (solid line) is changed to the contour
C + δC (dotted line). Under this variation, the length of the contour increases from
l(s)ds to [l(s) + δl(s)]ds. The area of the contour also increases by δA(s). The red and
blue arrows denote the tangent vector t(s) and the normal vector n(s) of the contour
C, respectively.
Hereafter we use the notation, f˙ = df/ds. The variation of the normalized leakage
current is then written as
δU [X(s)] = U [X(s) + δX(s)]− U [X(s)]
' ∂tU [X(s)]δt(s) + ∂nU [X(s)]δn(s). (B.4)
Here ∂t/n is the directional derivative along the tangent/normal directions, respectively.
The stationary condition, δZ[C, T ] = 0, leads to the equation
(t(s) · n˙(s))(U [X(s)] + λv−1)
+ l(s)∂nU [X(s)] + l(s)Π[X(s)] = 0. (B.5)
By solving this equation, we can obtain the contour C that maximize the amount of
pumping under a fixed period, Z[C, T ].
Appendix C. Representation of ellipse and half-ellipse
We can describe the elliptical contour by the following parametric representation as
following (see figure C1):
x(s) = r(s) cos 2pis+ x0, (C.1)
y(s) = r(s) sin 2pis+ y0, (C.2)
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Figure C1. Parametrization of an elliptical contour.
where
r(s) =
r√
cos2(2pis+ δ) + a2 sin2(2pis+ δ)
. (C.3)
The parameters, x0, y0, and δ, vary under the condition that all the points on the
contour are located in the upper plane (y ≥ 0).
We describe the half-ellipse by setting y0 to zero, and by restricting the parameter
s to the range 0 ≤ s ≤ 0.5:
x(s) = r(s) cos 2pis+ x0, (C.4)
y(s) = r(s) sin 2pis. (C.5)
The remaining contour is a straight line described by
x(s) = (x+ − x−)(s− 0.5) + x−, (C.6)
y(s) = 0. (C.7)
for 0.5 ≤ s ≤ 1, where x+ and x− are the intersection points between the ellipse and
the horizontal line passing through its center (see figure C1).
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